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tended by Koningsveld and Kleintjens is suitable for 
calculating cloud point curves a t  high pressure if a pressure 
dependence is introduced in the interaction parameter. 
The particular pressure dependence for systems of linear 
polyethylene + ethylene has been evaluated and is given 
in an analytical form. Thus the calculation of the phase 
behavior of any system of linear polyethylene + ethylene 
is now possible if the molecular weight distribution of the 
linear polyethylene is known. 

Experimental work on systems of branched polyethylene 
+ ethylene indicates a strong effect of the degree of 
branching on the cloud point curves.1g This effect cannot 
be described by the model in the present form. Proper 
modification of the model taking into account the degree 
of branching is in progress. 
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ABSTRACT: In this paper, we give general methods of determining the equi!ibrium distribution of polymer 
sizes. Our methods apply to any closed system, subject to the following conditions: (1) the structural units 
composing the polymers are identical, (2) the forward reaction rates of aggregation a, depend only on the 
sizes (and not the structures) of the reacting species, and (3) intramolecular reactions do not occur. In 1943, 
Stockmayer determined a particular equilibrium distribution of polymer sizes by maximizing statistical 
mechanical entropy. In our paper, we use another statistical mechanical quantity, our so-called polymer partition 
function Z. Using Z, we give general formulas for polymer size distributions and gelation conditions. These 
formulas admit numerical solution for any form of a,. On the other hand, when a, = A + B(i  + j )  + Cij ,  
the polymer partition function Z is determined by an ordinary differential equation. By solving the differential 
equation and applying Lag-range’s expansion to the resulting functional equation, we give explicit size distributions 
for Flory’s f-functional random polycondensation (RAf) model and for the model, along with the size 
distributions in the limiting case as f tends to infinity. These distributions agree with classical results. We 
give explicit gelation conditions for the AgRBf..g model of polymerization. Donoghue and Gibbs gave asymptotic 
series (as the system size approaches infinity) for the distribution of polymer sizes in the RAf model. In statistical 
mechanics, this is equivalent to applying Darwin and Fowler’s method of mean distributions (steepest descents 
method) instead of the method of most probable distributions (Lagrange multipliers). Knowing this, we can 
state that our results will apply only if the system has not gelled. In addition, the discussion announces new 
results concerning the agreement between models of reversible and irreversible polymerization, while the 
Appendix gives some solutions for reversible polymerization in cases other than a,, = A + B(i  + j )  + Cij .  

I. Introduction 
This paper concerns itself with the determination of 

equilibrium polymer size distributions, and its methods 
are quite general. Here is a list of sections in the paper, 
along with a resume of each section: 

Sec t ion  11 T h e  Different Models  
We introduce some classical models for polymerization 

reactions. These models can be characterized by their 
forward reaction rates for aggregation (which we call the 
aij’s). In a crucial step, we relate these forward reaction 
rates to the number of polymeric isomers of size k (which 
we call wk). 

Sec t ion  111 Polymer  P a r t i t i o n  Func t ions  
In 1943, Stockmayer determined the equilibrium dis- 
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tribution of polymer sizes for one particular model of po- 
lymerization (Flory’s RA, model). He did this by maxi- 
mizing the entropy of the size distribution, a quantity that 
involved the wk’s. Because his methods generalize, we 
summarize them. We then show that his results are sim- 
plified by the use of the exponential generating function 
of the wk’s, which we call the polymer partition function 
2. Hence, we reduce  t h e  ca lcu la t ion  of po lymer  size 
d is t r ibu t ions  t o  t h e  calculation of t h e  polymer  pa r t i t i on  
func t ion  2. 

Sect ion  I V  Specific Po lymer  P a r t i t i o n  Func t ions  
In this section, we show how several classical models can 

be handled by our methods. When aij = A + B(i  + j )  + 
Cij, we can manipulate the relationship between the aij’s 
and wk’s (at the end of section 11) into an ordinary dif- 
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122 Spouge 

ferential equation for 2. In most cases, the differential 
equation produces a functional equation for 2 to which 
Lagrange’s expansion applies. In these cases, we obtain 
explicit forms for the wk’s. These, in turn, yield explicit 
forms for the polymer distributions. In all cases, we give 
explicit expressions for Z and its derivatives. 

Please note that our formalism is not limited to pro- 
ducing explicit formulas. For models where ai,’s have 
more complicated forms than A + B(i + j )  + Cij, our 
methods may be used to generate numerical results. 

Section V: Moments of the Size Distribution and Gela- 
tion 

In this section, we give general expressions for the 
number- and weight-average molecular weights of a poly- 
mer distribution. These involve 2 and its derivatives. 
From the expressions, we posit the divergence of any de- 
rivative of 2 is a sufficient condition for gelation to occur‘. 
From this, we derive new gelation results for a classical 
model of polymerization (Flory’s AgRB, model). 

Section VI. Discussion 
Here we clarify the physical basis for the mathematical 

results. In particular, we show that the solutions obtained 
are indeed equilibrium solutions. Statistical mechanical 
methods allow some simple observations to be made. In 
addition, we announce a result concerning the concurrence 
of kinetic and equilibrium distributions. 

Appendix 
Some additional equilibrium solutions are displayed. 

11. The  Different Models 
In this section, we introduce five models which will serve 

as paradigms of polymerization. 
(1) The RA, Model. This w a  introduced by FloryG and 

is also known as the f-functional random polycondensation 
model. In this model, each structural unit of a polymer 
has f functional groups of the type A. The units react 
subject to three conditions: 

(a) Functional groups of the type A react with one an- 
other to form bonds between the units. 

(b) Intramolecular reactions do not occur (and therefore 
only branched-chain (noncyclic) polymers are formed). 

(c) Flory’s principle of equireactivity: subject to con- 
ditions a and b, all unreacted functional groups are equally 
reactive. 

Let us call a polymer of k units a k-mer. Let ai, be the 
number of different bonds that may be formed between 
an i-mer and a j-mer. For the RA, model (Stockmayer,12 
Appendix) 

(1) 

The proof is as follows: the i-mer contains a total of fi 
functional groups. Of these, 2(i  - 1) have been consumed 
in the formation of the i - 1 bonds of the i-mer (recall (b): 
all polymers are noncyclic). ai, is the number of different 
bonds that could connect the 2 + (f - 2)i unreacted groups 
of the i-mer and the 2 + (f - 2 ) j  unreacted groups of the 
j-mer. (Here, and throughout this paper, we make the 
assumption of classical statistics for the functional groups: 
though they may be chemically identical, they are distin- 
guishable.) 

(2) The RA, Model. This is the limiting case of the 
RAf model as f tends to infinity. Here 

ai, = [2  + ( f -  2) i ] [2  + (f - 2)jl 
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(3) The ARB,, Model. In this model, each structural 
unit has one functional group of the type A, and f - 1 
groups of the type B. This model is like the RAf model, 
except that condition (a) is replaced by the following: 

(a’) Functional groups of the type A react only with those 
of the type B, and vice versa. 

For this model (see Ziff’9 
ai, = 2 + (f- 2)(i + j) (3) 

The derivative of (3) is similar to that of (1). 
(4) The ARB, Model. This is the limiting case of the 

(4) 

(5) The AgRBf-g Model. In this model, each structural 
unit has g functional groups of the type A and f - g of the 
type B. The other conditions on this model are the same 
as for the ARB,, model. 

ARB,, model as f tends the infinity. Here 
ai, = i + j 

Here 
ai, = 2 + (f - 2)(i + j )  + 2(g - l)(f - g - 1)ij  (5) 

This model is not as well understood as the other 

All of these models are cases of 
models, because it is mathematically less tractable. 

ai, = A + B(i + j) + Cij 

the “bilinear case”. 
For each of the RAf, ARBf..,, and A,RBf-, models, let wk 

be the number of ways of forming a k-mer from k distin- 
guishable units with distinguishable functional groups. For 
all these models, the wk’s are related to the ai;’s by 

since this is, within a constant proportionality factor, the 
most significant term in (1). 

where 
k! 

is a combinatorial coefficient, the number of ways of 
choosing a set of i objects from a set of k objects. (Percuss 
serves as a combinatorics reference.) 

The left side of (6) is the number of ways of assembling 
a k-mer, choosing one of its k - 1 bonds (noncyclic poly- 
mers) and then painting one of the two polymers on either 
side of the chosen bond black. The right side of (6) is the 
sum over i of the number of ways of starting with k units, 
painting i of them black, assembling a painted i-mer and 
an unpainted (k - i)-mer, and then choosing a bond 
through which to combine them into a k-mer. Clearly, the 
two sides are equal. 

For the RAr, ARB,,, and A,RB, models, the wk’s have 
a combinatoric interpretation: they are the number of 
isomeric k-mers that can be constructed from k distin- 
guishable units with distinguishable functional groups. For 
the RA, and ARB, models, there is no combinatoric in- 
terpretation for the wk’s of eq 6, though the equation still 
makes mathematical sense. We shall take (6) as the 
definition of wk for any set of q ’ s .  

We are considering the reversible polymerization reac- 
tion 

( 7 )  

where Ri represents an i-mer. Then the aij’s of all five 
models are proportional to the forward reaction rate con- 
stants of the reactions. 

Equation 6 is the most important relationship of this 
paper. I t  relates the wk’s, complicated expressions, but 

Ri + Rj + Ri+j 
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important for computation, to the ai;s, which are simple 
expressions. For our purposes, all the information we will 
require about each specific model is contained in the 
appropriate aij. 

We now show how the wk’s can be used to compute 
polymer size distributions. 

111. Polymer Partition Functions 
Stockmayer12 was the first to apply the methods of 

statistical mechanics to determine a polymer size distri- 
bution. His methods apply to all the models we have 
described in section 11, so we summarize them here. 

Denote the number of structural units in a closed system 
by N ,  and the number of k-mers by mk. The polymer size 
distribution (ml ,  m2, m3, ... ) ( m ,  units, m2 dimers, m3 
trimers, etc.) satisfies the constraints 
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we are discussing. 

nential-generating function for the wk’s), by 
We define the polymer partition function, Z (an expo- 

where M is the number of polymers in the system. 

This is apparent if we rewrite it as 
In passing, let us note that (8) is an energy constraint. 

(10) 

where t is the bonding energy between units. (Here Flory’s 
principle of equireactivity ensures that all bonding energies 
are equal.) (A k-mer has k - 1 bonds.) 

Q(ml,m2,m3, ..., N,M) denotes the number of ways of 
producing the size distribution (ml ,  m2, m3, ... ). Assuming 
the system is classical (Le., all units and functional groups 
are distinguishable), Stockmayer showed 

m c E(k - l)mk = ( N  - M E  
k = l  

Q(ml,m2,m~, . . . ,N,M = 

ml!m2!m3! ... 
where wk is again the number of ways of forming a k-mer 
from k distinguishable units with distinguishable func- 
tional groups. This result is general and holds for all the 
models of section 11. 

We give a proof R(ml,m2,m3, ..., N M  is the number of 
distinct ways of partitioning N units into subsets, with ml 
subsets of one unit, m2 subsets of two units, etc., multiplied 
by W ~ ~ ~ W ~ ~ ~ W ~ ~ ~ . . . ,  the number of ways of assembling the 
subsets of units into polymers. (See This gives 
( 1 1 ) .  

Stockmayer then used Lagrange multipliers to deter- 
mine (m,*, m2*, m3*, ...), the most probable polymer size 
distribution. Set up the auxiliary function 

( 1 2 )  

where y and p are Lagrange multipliers. (Maximizing In 
D is the same as maximizing Q.)  Using Stirling’s approx- 
imation for large mk (In mk! - mk In mk - mk) and setting 
the derivatives of F to zero, we get 

F(ml,m2,m3, ...) = In Q - y M  - pN 

dF/dmk = In (Wk/k!) - In mk* - 7 - pk = 0 (13) 
Hence 

Stockmayer did this for the RAf model in 1943. Again, 
we emphasize: all of these results hold for all the models 

The constraints (8) and (9) are equivalent to 

w k  m 

2’ = -E k7e-ok  = -e7 kmk* = -eYN ( 1 7 )  
k = l  k .  k = l  

where Z’, Z“, etc. will denote successive derivatives of 2 
with respect to p. 

We define p, the separation of the system, to be 
p = M / N ,  O I p L I 1  (18) 

(The separation is one when all material is monomeric and 
decreases toward zero as the monomers aggregate.) 

Using 06-18), we derive the following equation, which 
gives /3 as a function of the system separation p: 

z = -pZ’ (19) 
For reasons given in the Discussion, we call this the 
steepest descent condition (SDC). 

For future reference, we note that the derivatives of Z 
are related to the moments of the most probable size 
distribution by the formulas 

w k  m 

Z(”) = (-1)” kn-e-Pk = ( - 1 ) ” e Y  E knmk* (20) 
k = l  k! k = l  

(Z(”) denotes the nth derivative of Z with respect to p.) 

IV. Specific Polymer Partition Functions 
We shall be using our polymer partition functions as 

pivots for computation. In this section, we determine 
some. 

Let us rewrite eq 6 for the bilinear case 

W .  W j  + _ I [ ~  + B(i + j )  + ~ i j l  (21 )  

We have rewritten the sum symmetrically and used our 
general expression for the ai is  of section 11. 

Multiply both sides of ( 2 1 )  by e-Bk and sum over k = 1 ,  
2 ,  3 ,  .... Using eq 16 and 17 for 2 and Z’and the identity 

i+j=k 1 .  1. 

( 5 ake-pk)( 5 bke+k) = 5 ( aibj)e+k 
k = l  k = l  k = 2  i+j=k 

to multiply series, we see that 
2(-2’-  2) = A P  - 2BZZ’ + C(Z’)’ (22 )  

Together with the initial condition w1 = 1 (there is one way 
of forming a monomer), eq 22 determines the polymer 
partition function as a function of 0. 

In Table I, we give all our results for p, 2, Z‘, and Z”in 
terms of the system separation p,  because p has physical 
meaning in a wide variety of circumstances. We get Z as 
a function of p by combining eq 22 with the SDC equation 
(19): 

2 / 4 1  - II) 
Ap2 + 2Bp  + C 

Z =  
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Table I 
Specific Polymer Distributions fo r  Any aii = A + B ( i  t j )  + Cij:' 

aij classes 

B 2 =  AC. C Z  C Cij A # n B(i  + j )  

~ _ _ _ -  
A + B(i  + j )  + Cij A + B( i  t j )  

u i j  
4 

2 I 4 
B 2 f f  - 21 

0 
0 

2 
f -  2 

0 
1 

C (fl 2): 1 0 0 
w I? f " ( f k  - 1 2 )  ! 

( f k -  2k + 2 ) !  
,fl? - 1 2 )  ! - 
( f lz  - 2 k  - 1) ! k k-l 

a At the top  are the values of the polymer partition function 2 and its derivatives Z' and Z", given for ail's of the form 
A + B( i  + j )  + Cij. These aij ' s  are then classed according to the values of A ,  B ,  and C .  Under theclasses are the 
corresponding values of wk and e + ,  
falling factorials, along with the convention that x(O) = 1 and x(-') = (x + I)-' ( to  accord with the recursion x ( ~ )  = 
x(~- ' ) (x  -- k 
class of ajj's, we give the representative classical model, along with the specific values of A ,  B ,  and C for the model ( f  is a 
positive integer). For the RAf model, classical notation parameterizes 
by the extent of reaction 01 instead of the system separation p .  a is the proportion of  functional groups that have reacted, 
so o! = 2 ( N -  M ) / f N =  2 ( 1  - p ) / f .  
model before gelation. 
do  not give the A,RBf+ distribution. 

For the values of W k ,  we have used the notation x(") = x(x - 1) . . .(x - k + 1) for 

1)). Equation 14 then gives the polymer size distribution (system size determines e - ) .  Under each general 

Under these values are the quantities wt2 and e-O.  

After this conversion our results agree with Stockmayer's distribution'* for the RAf 
All of these results have appeared in the  literature. For reasons explained in the discussion, we 

The SDC (19) indicates Z'is merely this quantity divided 
by -p. We may derive 2" by differentiating (22 )  with 
respect to /3 to give 

- - -AZZ' + B(Z?* - 2' 
1 - R Z  + CZ' 

2" = 

2 ( 1 -  p )  -Ap2 + 2Ap + 2B + C 
Ap2 + 2 B p  + C ( A  + 2B)p2 + 2Cp - C 

(24) 

The last equality follows from the expressions for Z and 
2'. If necessary, higher derivatives of Z may be obtained 
by successive differentiation of ( 2 2 ) ,  followed by back- 
substitution of the lower derivatives. 

Explicit solution for e-0 and wk requires solution of the 
differential equation (22). To accomplish this, we establish 
two cases, according to whether C is zero or not: 

Case 1: C = 0 
Z(2  + A Z )  
2(1  - BZ)  

Z ' =  - 

Rewrite this as 
2(1 - B Z )  s 2 ( 2  + A Z )  dZ = - I d @  (261 

The integral must be split into two cases, according to 

whether A is zero or not. Either case leads to a functional 
equation of the form (y is a constant of integration) 

Z = cdg(Z) A = 0,  g(2)  = yeBZ (27a) 

Z = d g ( 2 )  
(2%) 

e-' is easily expressed in terms of 2, and hence p (by eq 
23). TO derive wk. we require a version of Lagrange's 
theorem: 

A # 0,  g(Z) = y ( 2  + A Z ) ( A + P B ) / A  

If U = e-@g(U) and f ( 0 )  = 0, then 

where the subscript U = 0 indicates the derivative is to 
be evaluated at U = 0. 

The full version of the theorem is in Whittaker and 
Watson.14 Hence 

w1 = f'(O)g(O) = 1 (29) 
(The second equation is used to eliminate y, the constant 
of integration in g(Z).) In our cases, f ( v )  = U (and U = 
2). The results are in Table I. 
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Case 2: C # 0 

-1 + BZ + [l - 2(B + C)Z + (B2 - AC)Z2]1/2 
2’ = (30) C 

We have chosen the plus sign because Z’must go to zero 
when Z does. 

Case 2A: C # 0, B2 = AC 

dZ = - S d p  (31) C s 1 - BZ - [l - 2(B + C)Z]’/2 

Apply the substitution 

Again, the integral must be split into two cases, ac- 
cording to whether B is zero or not. Either case leads to 
a function equation of the form 

U = e-Bg(U) B = 0, g ( v )  = YeU (33a) 

We apply Lagrange’s theorem, with f(u from (32) and 
g ( v )  from (33). Again, w1 = 1 is used to eliminate y. The 
results are in Table I. 

Case 2B: C # 0, B2 # AC s 1 - BZ - [l - 2(B + C)Z + (B2AC)Z2]1/2  
dZ = 

C 

- S d P  (34) 

The integral on the left may be computed, albeit pain- 
fully, by standard methods described in E d ~ a r d s . ~  The 
explicit result contains logarithms, trigonometric, and in- 
verse trigonometric functions of Z into which p is then 
substituted. Hence the calculation for e-B in this case is 
possible, though tedious. 

All explicit results are summarized in Table I. 

V. Moments of the Size Distribution and  Gelation 

A. General Results. In this section, we give general 
formulas for the number- and weight-average molecular 
weights, which involve the polymer partition function and 
its derivatives. 

From eq 16 and 20 we get 

(35) 

Let M 1  be the molecular weight of a polymeric structural 
unit (we follow Tanford’s notation;13 do not confuse M I  
with M ,  the number of polymers in the system). 

Then the number-average molecular weight is 

The last equality follows from the SDC, eq 19. 
The weight-average molecular weight is 

(Higher average molecular weights are computed analo- 
gously.) 

Table I gives the values of 2, Z’, and Z”for the bilinear 
case ai; = A + B(i + j )  + Cij. Equations 36 and 37 allow 
us to  use these values to compute number- and weight- 
average molecular weights. Conversely, if M,, and Mw are 
known experimentally, these formulas may be used to f i t  
values of A, B, and C to the data. 

Ziff16 has used the divergence of a moment of the mean 
polymer distribution (left side of (35)) as a gelation cri- 
terion. By virtue of (35), this means that diuergence of 
Bn), f o r  some n, is a sufficient condition for gelation. 

B. Specific Results. From Table I, for the bilinear 
case, divergence of 2“ occurs when 

(38) 

Define pc, the critical separation of the system, as the 

(A + 2B)p2 + 2Cp - C = 0 

value of p at the gel point of the system. Then 

Pc = 
-C + [C(A + 2B + C)]’” 

, A + 2B # 0 (39a) 
A + 2B 

PC = 0.5, otherwise (39b) 

If C = 0, then pc = 0, so that the system will never gel. 
This result is well-known. 

The result also accords with Flory’s result5 for the RA 
model. Define the extent of reaction CY (for the RAf model{ 
as the proportion of functional groups that have reacted. 
Then 

2 W - W  2(1 - P )  

f N  f (40) 

If cuc is the (critical) extent of reaction that produces 

-- - f f =  

gelation, then ( l ) ,  (39), and (40) show that 
ffc = ( f  - 1)-1 

This is Flory’s 1941 result for the RA, model. 

Substitution of values into (39) gives 
Consider the AgRBj-! model and its ai;, given by (5). 

1 
Pc = 

l +  [(l+&)(1+*)]1/2’ 
2 I f - g ,  2 I g (41) 

As f tends to infinity with g fixed 

(42) 
1 

Pc = 

1 + (1 + &y 
In Table 11, we give numerical results based on eq 40-42 

and make the following observations (all of which may be 
proved rigorously): 

(1) pc = 0 for the ARB,, model, so that, in the A,RB, 
model, gelation occurs if and only if there are at  least two 
A’s and two B’s per structural unit. 

(2) If g (the number of A’s per structural unit) is fixed, 
then increasing f - g (the number of B’s per structural unit) 
increases pc (and decreases cyc), so that gelation occurs 
more easily. 

(3) If f (the total number of functional groups per 
structural unit) is fixed, the closer the numbers of A and 
B groups, the higher pc (and the lower CUC) becomes. 

All of these observations accord with intuition. 

VI. Discussion 

There is considerable confusion in the literature of 
polymer chemistry as to what constitutes an equilibrium 
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Table I1 

f 
Gelation Values for ApRBf-g Modelsa 

-__ 
&? 4 5 6 7 8 9 10 11 m 

P C  
2 0.333 0.366 0.380 0.387 0.392 0.396 0.398 0.400 ... 0.414 
3 0.400 0.414 0.422 0.427 0.431 0.433 ... 0.449 
4 0.429 0.436 0.442 0.445 ... 0.464 
5 0.444 0.449 ... 0.472 

... 0.500 

2 0.333 0.254 0.207 0.175 0.152 0.134 0.120 0.109 ... 0.000 
3 0.200 0.167 0.144 0.127 0.114 0.103 ... 0.000 
4 0.143 0.125 0.112 0.101 ... 0.000 
5 0.111 0.100 ... 0.000 

Since the model is symmetric in g and f - g, we have taken g < f - g. 

m 

a This table gives the critical values of PC ( top)  and a c  (bot tom)  for  the AgRBf-g model of polymerization. Values of 
f a r e  given horizontally and values of P verticallv. 
Note tha t  gelation does not  occur f o r t h e  ARB;-, model. 

polymer distribution, as opposed to a distribution pro- 
duced by an irreversible kinetic polymerization reaction. 
This is because equilibrium solutions often determine 
corresponding kinetic solutions (and vice versa). The 
classic example is Stockmayer's determination of a kinetic 
RA, distribution by equilibrium distributions coupled to 
a deterministically changing parameter.12 

Let me emphasize that my method determines an 
equilibrium distribution. This paper's foundation, eq 6, 
is a statement based on equilibrium of the reactions (7).  
To see this, we make an appeal to the principle of detailed 
balance from statistical mechanics (Munster7 and Whit- 
tle15). Applied to the reactions (7), it states the following: 
if the polymerizing system is in equilibrium, so is each 
individual reaction. Consider the reactions (7),  with i + 
j set to k ,  i running from 1 to k - 1. The left-hand side 
of (6) is proportional to the rate a t  which k-mers break up 
(there are k - 1 bonds in each of the wk isomeric k-mers 
to break up), while the right-hand side is proportional to 
the aggregation rate. The missing constant of propor- 
tionality is supplied by the constraints (8) and (9) and 
ultimately determines the parameter 0. 

The equilibrium distributions of Table I have all ap- 
peared in print before. Indeed, all are implicit in the 
thorough review of the Smoluchowski coagulation equa- 
tionl' done by Drake.3 This equation may be used to 
model irreversible polymerization (Ziff9. This author 
(unpublished work) has proven that the equilibrium dis- 
tributions derived from eq 6 may be used to solve the 
coagulation equation for the cases aij = A + B(i + j )  + Cij 
and for these cases only. The equilibrium method can 
solve for the distribution of AgRBf- polymers (corre- 
sponding to the case of bilinear ai;s (A # 0, B2 # AC),  
but it requires numerical solution of recursion 6. 

Explicit equilibrium solutions for some nonbilinear ai;s 
are given in the Appendix. The interested reader may 
verify that they do not satisfy the corresponding kinetic 
coagulation equations. The assumptions used are the same 
as those given by the Abstract (a constant rate of break 
up for each of the k - 1 bonds of a k-mer is also assumed). 

Most of the issues raised here will be covered in later 
publications. 

As Stockmayer12 notes, his determination of polymer 
distribution for the RA, model (section 111) is in fact what 
Schrodinger'O called the method of most probable distri- 
butions. Donoghue and Gibbsl and later Donoghue2 pro- 
duced a refinement of Stockmayer's approach to the RA, 
model. (This approach actually used the polymer partition 
function for RAP) The refinement was equivalent to using 
the method of mean values in statistical mechanics. (See 

Schrodinger.'O) The SDC, eq 19, arises by locating the 
saddle points of integrals required for the method of mean 
values. 

For the RA, model, Donoghue2 showed that expression 
14 is the first term of an asymptotic expansion as the 
system size N tends to infinity. He also showed this ex- 
pansion is valid only when the system has not gelled. 
Though we do not prove it here, these results are general. 
Hence eq 14 represents the sol distribution, but only be- 
fore gelation has occurred. After gelation, a different 
asymptotic expansion applies, and (14) is no longer its 
leading term. 

Let denote the standard deviation of mk, the number 
of k-mers. Another result of Donoghue and Gibbs gen- 
eralizes: 

ak/kmk* 0: N-lI2 

This, again, is readily understood in the light of a statistical 
mechanical analogy. 
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Appendix 
For completeness, the equilibrium distributions (i.e., the 

2) corresponding to some nonbilinear aiis are given. P6lya 
and Szego9 give other examples of the operator methods 
employed here. 

Theorem 1 :  If bk (k = 1, 2 ,  ... ) is any series such that bk 
z 0 for all k and Z = ~k,l"(Wk/k!)e-@k solves recursion 6, 
then Zb = xk=lmbk(wk/k!)e-Bk solves the same recursion 
with ai; replaced by aij(bi+j/bibj) .  (We ignore the initial 
condition bk = 1 (so that blwl = l), because this gives rise 
to factors easily absorbed into e- and e-@.) The theorem 
essentially generates new solutions from known ones. 

Proof Substitution of bkWk into recursion 6 after altering 
ai;. 
Corollary: If bi = P(i) ,  a polynomial, then z b  = P(-d/dp)Z 
solves recursion 6 with aij replaced by ai;(bi+;/bib;), where 
P(-d/d/3) denotes the operator obtained by formal ex- 
pansion of P in powers of -d/dp. 

Proof: -d/d@ corresponds to termwise multiplication by 
k in the expansion for 2. The result follows in the obvious 
fashion. 

These results can be extended to cases where bk)s contain 
terms like ( k  + a)-m, by using integration instead of dif- 
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with solution Z1. Use of theorem 1 with bk = l / ( k  - l)! 
gives 

ferentiation etc. 

polymer partition function 
We now characterize all the aij’s that give rise to the 

m z1 = Ce-Ok = (eOk - 1)-1 
k = l  

Theorem 2 If Cij (i, j = 1 , 2 , 3 ,  ...) is any double sequence 
satisfying Cij I 0 and Ci=?-’Cipi > 0, then Z1 = Ck=lme-@k 
solves recursion 6 when 

Ci,k-i 
i=l  

Proof: Z1 corresponds to wk = k!,  k = 1 , 2 ,  .... Substitution 
of these values into recursion 6 yields equality for the given 
values of aij. 

Conversely, if Z 1  solves (6) for a given aij, then recursion 
6 becomes 

k-1 

i= l  
2(k  - 1 )  = C U i , k - i  

and so, if aij is substituted for Cij in ( A l ) ,  we get an 
identity. Hence, we have a complete characterization of 
aij’s producing the polymer partition function Z1.  This 
gives a complete characterization of aij’s producing an 
arbitrary polymer partition function z with wk > 0, k = 
1,  2 ,  ... : in theorem 1,  take z = z1 and bk = Wk/k!.  

A s  an example of these theorems, take in theorem 2 
(i + j - 2)! 

Cij = (i - 1)!G - I ) !  

so 
( k  - l)! 

aij = 24k-3) 
(i - 1)!G - l ) !  

m m ,-Bk 

as the solution for aij = 2-(k-3), as is rapidly verified. 
These solutions are given to clarify the relationship 

between equilibrium and nonequilibrium distributions, 
which agree only for the bilinear case, uij = A + B(i + j )  + Cij. 
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